Analytical methods are presented for transverse mode analysis of a laser resonator having spherical mirrors with a Gaussian reflectivity profile. The modes of this type of resonator have a form similar to that of the conventional Gaussian modes, but it is necessary to define an additional beam parameter to meet the selfconsistency requirement for resonator modes. Stability of both the conventional complex beam parameter and the additional parameter is discussed. It is predicted mathematically that small perturbations in the new beam parameter will cause the intensity profile of the higher-order modes to evolve into that of the fundamental mode. Mode losses and discrimination are also discussed. The results may be useful in the design of regenerative laser amplifiers.
Introduction
In the design of high-gain laser amplifiers, it is important to obtain oscillation of only the fundamental transverse mode of propagation. The presence of higher-order modes degrades the beam quality, since the intensity of such modes varies rapidly in any crosssectional plane of the beam. Also, higher-order beam modes are difficult to focus, since much of the mode energy propagates off the resonator axis. For most applications, including laser fusion and the study of laser-plasma interactions, one generally desires a nearly uniform beam that may be focused onto a small target.
Discrimination against higher-order modes is especially important in regenerative amplifiers, since the beam is passed back and forth along exactly the same path. Therefore, perturbations in the beam due to small defects in the optical system tend to grow with each round trip of the beam through the system. Hence the higher-order modes resulting from these perturbations become more manifest in the beam.
In recent years, there has been much interest in developing laser resonators with high diffraction or transmission losses at the resonator mirrors. Such resonators can provide the required mode discrimination, since the losses of the higher-order modes are much greater than the losses of the fundamental mode. Of particular interest are optical resonators with mirrors having a Gaussian reflectivity profile (Gaussian mirrors), since such resonators have a high-quality fundamental mode.", 2 Resonators employing Gaussian mirrors were treated by Vakhimov 3 and Zucker 4 by solving the resonator integral equation for the fields at the resonator mirrors. Arnaud 5 , 6 formulated the resonator problem using the concept of the complex point eikonal. Casperson and Lunman' and Yariv and Yeh 2 derived the ABCD matrix for Gaussian apertures or mirrors and treated the problem of optical resonators employing such mirrors with the matrix techniques that describe the propagation of Gaussian beams. Although this method yields the correct fundamental mode, the higher-order modes as stated by Casperson and Lunman fail to satisfy the round-trip condition for resonator modes. These modes do, however, form a complete orthogonal set of confined solutions of the paraxial wave equation. Ganiel and Hardy 7 expanded the actual resonator modes in a series of the modes drived by Casperson and Lunman and solved for the coefficients of the expansion. While this approach is mathematically valid, it is difficult to apply it to obtain reasonably accurate solutions with the precision available on most computers.
In this paper, we preswent another analytical method for obtaining the transverse electromagnetic (TEM) modes of an optical resonator with Gaussian apertures or mirrors. This method involves defining a complex beam parameter in addition to the beam spot size and wave front radius of curvature to satisfy the round-trip condition as well as the paraxial wave equation. Also, we analyze stability and losses of these modes at the resonator mirrors. The methods pre-sented in each section are illustrated with the example of a simple symmetrical resonator.
II. Resonator Modes
Assuming a homogeneous medium, the paraxial wave equation is
may use the separation of variable technique to obtain
where V2 is the transverse Laplacian operator. To solve Eq. (1) for the confined modes of propagation, we start with the trial solution
(10)
The solutions of Eqs. (9)-(11) must lead to confined beam solutions of Eq. (1). Therefore, n and m must both be positive integers, and we identify the solutions of Eqs. (9) and (10) If we define the real functions R(z) and W(z) so that
R(z) and W(z) may be identified as the wave front radius of curvature and beam spot size, respectively, of the fundamental mode." 8 Equation (2) is similar to the trial solution used in Marcuse's alternate Gaussian beam derivation. 9 However, it is assumed in this derivation that the parameter w(z) is equal to the beam spot size W(z). While Marcuse's trial solution leads to confined modes of propagation, these solutions are not sufficiently general to satisfy the round-trip condition for resonators with Gaussian apertures or mirrors. Therefore, we assume at this point that the function w(z) remains to be determined. Henceforth, the function q(z) and w(z) will be referred to as the primary and secondary beam parameters, respectively. Substituting the trial solution (2) into the wave 
where
and 0 was arbitrarily chosen to be zero at z = 0. This integral may be evaluated by the method of partial fractions. The result is i ~~kwo+4i)z
Hence we have determined the higher-order modes of a beam propagating in the positive z direction, assuming the primary and secondary beam parameters are both known at z 0. Gathering our results, we have (17) where w(z) and (z) are given in Eqs. (13) and (16) where Wm is the Gaussian reiiectivity spot size of mirror. Let us establish a transformation law sin to Eq. (19) for the secondary beam parameter. From Eq. (13), we see that the secondary beam rameter, after propagating a distance L in the unif medium, is given by
where qin and win are the initial beam parameters. is assumed here that the primary parameter qin been determined. This involves the methods cussed in Ref. 1 .) The other optical elements cor ered in this paper affect only the primary paramel within the plane of the element. Therefore, we ex ian beam is assumed to be incident from the left. 
sild-where a,, and , are the matrix elements of the individertq ual optical elements, and the subscript n indicates the er q order in which the optical elements are encountered by pect the beam. We will refer to Eq. (24) as the a: law.
Let us now determine the transverse modes of a per-resonator which may include Gaussian apertures or per-mirrors. The self-consistency requirement for resonavrit tor modes", 2 implies that both the primary and secondary beam parameter must repeat themselves after each (23) 1-a (27) At this point, we have determined the self-consistent beam parameters q and ws in a chosen reference plane.
If we define z = 0 as our chosen reference plane, we may use Eqs. (17) and (18) to obtain the transverse resonator modes. Consider now a simple symmetrical resonator consisting of two identical Gaussian mirrors facing each other along a common optical axis. Since the resonator is symmetrical, we consider only a single pass of the beam rather than a complete round trip. Casperson and Lunman 1 show that the ray matrix for a single pass of the beam is given by
where Rm and W are the radius of curvature and Gaussian reflectivity spot size, respectively, of the mirrors, and L is the mirror separation distance. This matrix is obtained by applying the ABCD law to the matrices given in Fig. 1 
where we have defined the Fresnel number as
and normalized mirror curvature as p = LIRm. If we consider Eq. (29) in the uniform mirror limit (i.e., the limit as N -c), we see that a real beam spot size W,
R. Therefore, we may write
Ill. Mode Stability
In this section, we discuss the stability of the resonator modes derived in the previous sections. These modes will be stable if, and only if, small deviations in both the primary and secondary beam parameters for self-consistency do not grow with each round trip of the beam.
Consider first the primary beam parameter. Let 6(1/q) be the deviation in 1/q from its self-consistent value in some chosen reference plane. Then we may write 2 grows by a factor of Fw with each round trip of the beam and that this growth is unbounded. By the triangle inequality
we see that as bw 2 grows, so also does w 2 . Since w 2 grows with each pass, the argument x/w occurring in the Hermite polynomials in Eq. (17) approaches zero with a large number of beam round trips. Therefore, after a large number of round trips, the intensity profile of each of the higher-order modes approaches that of the fundamental mode or zero. Hence this instability is desirable if the beam is to have the intensity 
where the sign was chosen earlier for the beam spot size to be real. Substituting a from Eq. (31) into Eq. (42) gives us
The stability factors Fq and F. are plotted in Figs. 6 and 7 for the values of p chosen in the previous sections. From these plots, we see that Fq is generally greater than unity, and F, is generally less than unity. Therefore, the primary beam parameter q is stable, while the secondary parameter w is unstable. Hence we may conclude that perturbations in the secondary beam parameter will grow and cause the intensity profile of the higher-order modes to evolve into that of the fundamental mode. This is desirable for most applications including the design of multipass or regenerative laser amplifiers, where nearly uniform beams are desired. 
IV. Mode Losses and Discrimination
As indicated previously, it is important to eliminate the higher-order modes in high-output regenerative amplifiers.
Such mode discrimination can be obtained with the use of Gaussian mirrors, because with such mirrors the losses of the higher-order modes are greater than those of the fundamental mode. In this section, we derive expressions for the power losses of the resonator modes due to transmission through the Gaussian mirrors. We define the reflection coefficient yn,m of the TEMnm mode as the ratio of the reflected mode power to the incident mode power in the plane of the mirror. For the Hermite-Gaussian modes, this is given by : defined as the ratio of the power lost from the TEMn,m mode on reflection to the incident mode power. Since the incident beam energy must be either reflected or lost due to transmission, we have
where Yn,m is given by Eqs. (46) or (48).
To calculate the losses of the fundamental mode and the mode discrimination property of the resonator, we must have expressions for the reflection coefficients of the two lowest-order modes (i.e., the fundamental 
and from Eq. (46) we have
Substituting Eqs. (58) and (59) Plots of these loss coefficients are shown in Fig. 8 .
As can be seen from the plots, confocal resonators (p = 1) have the lowest losses, and unstable resonators have high losses and, therefore, high-mode discrimination. This may be useful in the design of regenerative laser amplifiers since such amplifiers require mode discrimination. Also the large beam diameters associated with unstable resonators tend to fill the cavity and make much more efficient use of the gain medium than the narrow beams associated with stable resonators.
V. Conclusions
An analytical method has been developed for calculating the transverse modes of optical resonators with Gaussian mirrors. Also, we have considered stability and losses of these modes at the resonator mirrors.
To meet the self-consistency requirement for all resonator modes, it was necessary to define a secondary beam parameter w .in addition to the conventional primary parameter q. Each higher-order mode in the resonator must have the property that the secondary beam parameter repeat itself after each round trip of the beam through the resonator as well as the primary parameter.
When considering the stability of the resonator modes, it was necessary to consider the stability of both the primary and secondary beam parameters. Calculations showed that the primary beam parameter is generally stable while the secondary parameter is generally unstable. Therefore, small perturbations in the secondary beam parameter would cause the intensity profile of each higher-order mode to evolve into that of the fundamental mode. Hence, this instability is desirable since a nearly uniform beam is generally desired.
